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A CONGRUENCE OF CIRCLES.* 

By Febdekick Wahn Beal. 

Introduction. 

1. This paper treats of a particular type of two-parameter systems of 
circles whose planes envelope a non-developable surface S. The curvi- 
linear coordinates on S will be u and v and the congruence of circles will 
be called a congruence C. Any point P of a circle of the congruence is 
to be a point P of a surface Si, of a single-parameter family of surfaces. 
The tangent plane at P to Si is to pass through the center of the circle 
and to make an angle with the plane of the circle, which, at most, is a 
function of u and v. When this angle is a right angle, the system of 
circles is cyclic. The existence and some general properties of the con- 
gruence C will be proved first. Afterwards the particular case in which 
the center of the circle is the point at which its plane touches its envelope 
will be considered and some characteristic properties discovered. In 
this case the system of circles is called a congruence Co. The system of 
circles defining the Backlund transformations of a pseudospherical surface 
is a congruence of this kind. Congruences Co characterize a class of sur- 
faces to which belong also the surfaces Si as defined above. We say that 
each surface Si is a transform of S. The Bianchi and Backlund trans- 
formationsf of. pseudospherical surfaces are special cases of the more 
general transformations defined by congruences Co. 

I. General treatment of congruences C. 

2. In order to attack the problem under consideration we will associate 
with S a trirectangular set of moving axes, in such a way that the 2-axis 
is the normal to S and the xy-plane is the tangent plane to S. The coor- 
dinates (o, 6, 0) of the center of the circle relative to these axes, the 
radius R of the circle and the angle <l> which the normal to Si at P makes 
with the plane of the circle will all, in general, be functions of u and v. 
The formulae giving the total displacements of a point P arej 

* Read before the American Mathematical Society, Apr. 24, 1915. 

t Cf. Eisenhart, Differential Geometry, (Ginn & Co., Boston, 1909), p. 284. Further re- 
ferences to this work will be given in the form Eisenhart, p. 284. 
t Eisenhart, p. 166. 
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8x = dx + ^du + ^idv + (qdu + qidv)z — (rdu + ridv)y, 
8y = dy + rjdu + rjidv — (pdu + pidv)z + (rdu + r\dv)x, 
Sz = dz + (pdu + pidv)y — (qdu + q\dv)x, 



where hx and dx denote total and relative displacements respectively, and 
^> iu V} Vu are the translations and p, p\, q, qi, r, ri the rotations of the 
tri-rectangular axes. 

The coordinates of a point P on the circle are 

(a + iJ cos ^, b + R sin d, 0), 

and the direction-cosines of the normal to Si at P are 

cos <t> sin 6, — cos <t> cos 6, sin <t>. 

If the motion of P is to be perpendicular to this direction for all displace- 
ments on S in the neighborhood of M, the vertex of the trihedral, the 
following equation must be satisfied: 

cos <j> sin 6 Sx — cos 4> cos 6 8y + sin (j> Sz = 0. 

This equation reduces to 

R cos ij>dd + [cos <f>(B cos 6 — A sin $ + Rr) + sin <i>(qa + qR cos 6 

(2) — pb — Rp sin d)]du + [cos <t>(Bi cos 5 — ^i sin ^ -f- Rri) 
+ sin <j>(qia + qiR cos d — pj) — piR sin d)]dv = 0, 

where A4 and Bi are defined by the following: 

Ai = Ov + ^1 - rib, Bi = b^ + rii + rio, 

A = au + ^ — rb, B = b„ + rj + ra.* 

By the substitution t = tan $/2, this equation becomes a Riccati equation 
and we have, as is true for cyclic systems, that 

Theorem. Any four surfaces of the system Si meet the circles in four 
points whose cross-ratio is constant. 

If equation (2) is to possess a solution d(u, v), it must satisfy a well- 
known condition of integr ability,! which in this case reduces to the form 

(3) T cose +U sine + V = 0, 

where T, U and V are functions of u and v. This equation, if it is not an 

* Throughout the paper derivatives with respect to u and v are indicated by subscripts, as 
Ou and a,. 

t Forsyth, a Treatise on Differential Equations (Macmillan & Co., 1903), p. 282. 
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identity, possesses at most two distinct solutions which may be real and 
satisfy equation (2). Hence again as for cyclic systems we have that 

Theorem. // more than two surfaces Si exist, there exist a single infinity 
and the congruence of circles is a congruence C. 

The necessary and sufficient condition that the system of circles be a 
congruence C is that 6 involve an arbitrary parameter. This means that 
equation (3) is an identity in 6, and gives the following three equations of 
condition: 

Rb{pqi — piq) + (ARv — AiRu) cos^ </» — a sin ^ cos ^(gSi — qiB) 
(4) 

+ 6 sin ^ cos 0(pJ5i — piB) — R\p<i>v — Vv^uj = 0, 

Ra(pqi — piq) + (Bifi„ — BRv) cos^ <^ + a sin ^ cos 4>(qiA — qAi) 
(5) 

+ & sin <^ cos <l>{pAi — piA) + R^{q4>v — q.i<l>u) = 0, 

R'^ipqi — piq) + (ABi — AiB) cos^ ^ + o sin ^ cos 4>iqiRu — qRv) 

(6) + & sin ^ cos <l)(pRv — piRu) + Ra(q<l>v — qi<f>u) 

- Rb(p<f>^ - pi<l>u) = 0. 

These equations may be readily solved for first order partial derivatives, 
with respect to u, of three of the four quantities a, h, R, and 4>, unless ^ 
is a right angle, in which case the system is cyclic. Hence, in general, one 
of the four functions is arbitrary and the other three are given by a system 
of first order partial differential equations which may be put in the type 
form. A relation may be assumed between a and b which will cause the 
center of the circle to generate a particular surface. 

3. We will close the discussion of the general congruence C by making a 
few statements that can be easily verified. They will serve to emphasize 
the differences between the general case and the particular case of cyclic 
systems. 

None of the following three conditions, all of which are satisfied by 
cyclic systems, is satisfied by a general system C, but without imposing 
any restrictions on S, the functions a, 6, R, and <f> can be determined so 
that anyone of these conditions can be satisfied by a congruence C: 

The developables of the congruence of axes of the circles correspond 
to a conjugate system on S. 

The lines joining a point of a circle to the focal points of the congruence 
of axes of the circles intersect under a right angle. For cyclic systems 
these lines are the tangents considered in the next statement. 

The tangents to Si at P that pass through the projections on the tan- 
gent plane to Si at P of the focal points of the associated congruence of 
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axis intersect at right angles. This condition is satisfied by congruences 

Co. 

II. Congruences Co. 

When a and 6 are identically zero, we will call the envelope of the 
planes of the circles the surface A. The corresponding congruence of 
circles has been called a congruence Co. If the lines of curvature on A 
are taken as parametric and the z-axis of the trihedral tangent to v= const., 
the conditions (4), (5) and (6) reduce to the following: 

(7) qR^ + 7ji<^„ = 0, 

(8) ViRu + ?0» = 0, 

(9) R^K + cos2 <i> = 0, 

where K denotes the total curvature of the surface A.* When the equa- 
tions obtained from (7) and (8) by eliminating R are solved for the deriv- 
atives of 0, we have the following: 

(10) 0. = |[sec 0-y/^'l^logif + tan^ljlogic], 

(11) <t>.=^\[s^4>^^J^\ogK + t^n4>l^\ogK\ 
The condition of integrability of these equations is reducible to 

a^ -^ a^^°s is: + 2 -^ ^log iT - -^ [^log iT J 

(12) 

This equation characterizes the A surfaces. 

That pseudospherical surfaces are A surfaces is evident. To show 
that other A surfaces exist, we have obtained the following fundamental 
quantities of a surface of revolution of total curvature — Ijau which 
satisfy equation (12) and the six equations,! equivalent to the Gauss and 
Codazzi equations of condition: 
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The quantities Ui and U2 are functions of u alone and satisfy the following 
ordinary differential equations: 

auUiUi' + U2U2' = 0, 

auUiUi" - auUi'Ui' - Ui'U^ = 0. 

5. The coordinates of a point P on the normal to a surface *Si, which 
we will now call Ai, are 

(i? cos 6 + t cos <l> sin 6, R sin 6 — t cos <f) cos 6, t sin ^), 

where < is the distance from the surface Aito P. The conditions that P 
be a focal point of this congruence of normals, i. e., that P move tangen- 
tially to the normal, are 

Bx Sy Sz 



cos ^ sin fl — cos <j> cos 6 sin ^ ' 

where Sx, Sy, and Sz are the total displacements of P given by (1). These 
conditions reduce to the equations 

[RBu + t^ sin 6 cos <f> + ^R cos 6]du + [RRv — trji cos 6 cos <f> 

+ jjiiB sin d]dv = 0, 
[i2i2„ sin <f> cos ^ cos 5 — R^sin<j> cos 1^ sin^ 5 

+ t^ sin ^ cos* <l> sin tf cos 5 + ^i? sin <t> cos fl — tRipu cos 1^ sin 5 

+ gi?" sin 6 cos tf + qtR cos ^ sin* 5]dw + [RRv sin 1^ cos <f) cos fl 

+ Tjii? sin (f) cos (^ sin 6 cos 6 — trii sin ^ cos* <!> cos* tf — ti2(^„ cos 4>8Vi6 

— pifi* sin* 6 + pitR cos (^ sin cos S]dv = 0. 

If du ^nd di' are eliminated between these equations, a quadratic in t is 
obtained for which the coefficient of <* and the term not involving t are 
respectively 

R cos* <j> sin &[pi sin dRu + q cos BRv + sin 5 cos 0{pi^ + qrji)] 
and 

— R^ sin tf[pi sin ^i2„ + q cos 5i2„ + sin 6 cos tf(pi$ + qvi)]' 

Hence the total curvature of Ai, that is the reciprocal of the product 
of the roots, is — (cos* </>) /iS*. Since this expression does not involve 6 it 
is the same for all the surfaces Ai. Moreover, from (9) it follows that it 
is also the total curvature of A. Hence we have 

Theorem, The congrvence Co defines a transformation of a surface 
A into a single infinity of surfaces A 1 of the same total curvature as A. 
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The surfaces A and A i are evidently the focal surfaces of the congruence 
of lines joining A and Ai. The necessary and sufficient condition that 
this congruence be normal is that the tangent planes to A and Ai be 
perpendicular, i. e., <f> = 0. 

Under this condition equations (7), (8) and (9) show that A and hence 
Ai are pseudospherical surfaces. The surfaces Ai are Bianchi transforms 
of the pseudospherical surface A in this case. 

6. The linear element of the surfaces A\ is 

dS"" = ($2 cos'' e + Ru^ + 2? cos eRu + q^^ cos^ d sec" il>)du'' 

+ 2{RuRv + ? cos 6Rv + 1/1 sin $Ru)dvdv 

+ (vi^ sin" e + R„^ + 2j7i sin eR, + pi^R^ sin" $ sec" <j>)dvK 

Not more than two of these siuf aces can have an orthogonal parametric 
system in correspondence with the lines of curvature on surface A unless R 
is constant. When R is constant, <p and K are both constant, and the 
surfaces Ai are Backlund transforms of the pseudospherical surface A. 
Under these conditions the parametric curves on Ai are lines of curvature. 
These conditions together with equations (7), (8), (9), (10), and (11) 
give the following: 

Theorem. If one of the following four conditions is true, the other three 
are also true ; <t>, R, or K constant, lines of curvature on surface A correspond 
to lines of curvature on surfaces Ai. 

III. Transformations of surfaces A. 

7. The Bianchi and Backlund transformations of a pseudospherical 
surface yield pseudospherical surfaces, which are reciprocally related to the 
original surface in the sense that the latter is one of the Bianchi or Backlund 
transforms of the transformed surfaces. We will now show that the sur- 
faces Ai obtained from A under the more general transformation Co are so 
related to A. 

We assume that the surface A is subjected to one of these transforma- 
tions and that the resulting surface is Ai. The Unes joining corresponding 
points on A and Ai are tangent to a one parameter family of curves on A, 
which we take for the curves v = const. We choose for the curves 
u = const, the conjugate system to f = const. If the moving trihedral is 
chosen so that the a;-axis is tangent to the curves v = const, we have* 

77 = gi = 0, prii = gli. 



• Eisenhart, p. 173. 
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Furthermore, from the choice of d = const., it follows that the function 6 
for the transformation is equal to zero. Hence from equation (2) we have 

(13) g tan ^ + r = 0, rn + Rri = 0. 
Equations (4), (5), and (6) then reduce to the two equations 

(14) viPiir' + q') = iqri', 

(15) q'^^iviTiv — riviv) + vi^Piirqu — gr„) = 0. 

To compute the fundamental quantities of Ai, we associate with A\ 
a moving trihedral whose x-axis is the x-axis of the trihedral for A and has 
the same direction. The vertices of these trihedrals are M and P. Since 
A and A\ are focal surfaces of the congruence of lines made up of the 
ic-axes and since a conjugate system of curves is parametric on A, a con- 
jugate system of curves is also parametric on Ai. If the fundamental 
quantities of A-l are indicated by primes, both sides of the first three of 
the following equations give the total displacements of P in the direction 
of the axes of the trihedral at P. The last three equations give the total 
displacements of M in the direction of the axes at M. 

^'du + ki'dv = {Ru + mu + {R. + ki)dv, 

■n'du + rji'dv = {Rr sin 4> — qR cos <i>)du, 

(Rr cos (j) + qR sin <l>)du — cos <^(j;i + riR)dv = 0, 

^du + t^dv = (- E„ + ^')du + (-E, + ^i')dv, 

rjidv = [{ri' — Rr') sin (^ — q'R cos ^]du + [— Rri sin ^— cos ^qiR]dv, 

[{r}' — Rr') cos <f> + q'R sin 4>]du + [— Rri cos <j> + qi'R sin ^]dv = 0. 

These in virtue of (13) and the equality of the total curvatures of A and Ai 
at M and P yield the following: 

^' = Ru + ^, v' = Rif sin ^ — g cos <l>), iji = q' = 0, 

^i = Rv + ^1, r' = r sin ^ — g cos ^, ry = ri sin 0, 

p' = -^ {R, + ii), pi' = ^ (Ru + i), qi' = ri cos <t>. 

In order that a system of circles of radius R, with center at P and lying 
in the tangent planes of Ai possess a single infinity of transformed ur- 
faces, one of which is A, whose normals make the angle 4> with the tangent 
planes to Ai and are perpendicular to the radius of the circle, it is neces- 
sary and sufiicient that equations analogous to (4), (5), and (6) be satis- 
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fied and that = x be a solution of an equation analogous to (2). These 
conditions, with the exception of the equation analogous to (4), may easily 
be shown to be satisfied. Equation (4) reduces to 

{^Rv - iiR'u) cos^ <f> - R^(p'<f,^ - pUu) = 0. 

A similar condition for the surface A is 

{^Rv - ^iRu) cos2 <t> - R\v<t>v - Pi<l>u) = 0. 

From these we have that the desired condition is 

(p - P')«^. + iVi - Pi)4>u = 0. 

This may be reduced to either one of the two equivalent equations 

<j)vRv = 4>uRu sm^ <l>, 

ViPiirqu - qru)['PiVi{r^ + f) - q^i^] = 0. 

The first of these gives a relation between R and ^ and their derivatives. 
The second which is equivalent to the first is satisfied by virtue of equa- 
tion (14). 

From the preceding we are able to state the following results:* 
Theorem. Every surface Ai, obtained from the surface A by means of 
the congruence Co, admits of a like congruence Co. In each case one of the 
transforms of A i is A. 

Theorem. Every congruence Co has associated with it a complex of 
circles which is composed of congruences Co. 

* The latter part of abstract 19 on page 490 of the Bulletin of the American Mathematical 
Society for July, 1915, is incorrect. 

Univeksitt of Pennsylvania. 



